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""THE ENERGY OF INTERACTION BETWEEN TWO HYDROGEN ATOMS
BY THE GAUSSIAN-TYPE FUNCTIONS'
by

J..0. Hirschfelder and Hojing Kim

1. 4th row from bottom of page 2 should be read:
the energy is given by . . .

2. 1st row of page 3 should be read:
Atomic integralsa

3. 1st rows of page 4 and 5 should be read:
Continuing Table 1.

4, After the end of Table 1 of page 5, one should add:

_ 4 on 1T ! . X, 3
a. F‘"‘“zE”TWNvé(i%;d =2 £(1,3ix)
where EE(a,c;x) is the confluent hypergeometric

function.



THE ENERGY OF INTERACTION BETWEEN TWO HYDROGEN ATOMS
BY THE GAUSSIAN-TYPE FUNCTIONS*
by
J.0. Hirschfelder and Hojing Kim

Theoretical Chemistry Institute, University of Wisconsin
Madison, Wisconsin

ABSTRACT

The interaction of two hydrogen atoms in their ground states
is investigated with a Hirschfelder-Linnett type of wave function in
which the exponentials are replaced by Gaussian-type functioms. It
is found that the long-range interaction is not properly described
with the fuunctions, although the same functions reasonably approximate
the molecular energy near the equilibrium separation. The explicit

formulae for the atomic integrals are tabulated.
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1. Introduction

It is a well known fact that the Gaussian-type functionl’
gives the simple form of integrals, which are necessary in evaluation
of atomic or molecular enmergy in quantum mechanical treatments.
Furthermore, many center integrals are easily reduced to one center
form without elaborate manipulation. However it is known also that
one needs a large basis set in order to attain the accuracy comparable
to the results due to Slater-type basis set. Therefore, if one is

Ve
interested t® the interaction energy of two systems, such as two
hydrogen atoms, the Gaussian is still appealing, provided that the
error in the molecular energy is constant practically over whole range
of the internuclear separation R.

There exists several calculations for the system of the two
hydrogen atoms which agree with the experiment for a limited range of
the internuclear separation R . However, there are very few theoreti-
cal treatments which are good both for small and large separatioms.
Especially with small number of basis functions, there is only cne work
exists, which may fall into this catagory. The work is due to
Hirschfelder and Linnett7.

The objective of this work is to investigate the interaction
of two hydrogen atoms with the Gaussian counterpart of the Hirschfelder-
Linnett function (meglecting ionic term). The results are not too
promising, especially in long range. For small separation, the error
in molecular energy is reasonably small considering the extreme sim-

plicity of the trial functions. This very fact, incounstancy of the

error with respect to the internuclear separation R, is the greatest



obstacle for the evaluation of potential energy dependence on R.

2. Calculation

I et
For the Z:qr state of the hydrogen molecule, we employ

three Gaussian type trial functions,
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etc. and both ZA! and Za,. are increasingly positive in the same

direction (see-Fig. 1). The expectation values of the Hamiltonian,
Lo, L ’
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is minimized with respect to } as well as the linear parameters & ;
fg s and ){ . The necessary basic integrals are tabulated in

Table 1. At the infinite separation, the energy ia given by,
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Table 1. Atomic integrals
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Continuing Table I.

ol VB = (Gl Bod = L 221 [ aree)- 2™
AR AE <m£;‘,-l1%,> o

=Le* sl ()™ (14 R rzR)F =)
LR By =LeF. o e L€ %'2 Cre-)- F ()]
<’P,A\J.g\‘PM)=L-W[e_ +w‘ﬂe )-F ( 2?R=)]

(ol 8= (4150

(il = 2R g (1 - 1K)

(CAKIBY = ~dBylkld) = T ’LF {Ealfe) (-5+TR?)
<\ \ ) = (B \ < | By = <’PyAl\<\’P7A
CBKI ) =4 (21200 (5-FTR TRY)
LB\ Ry = (Sl 25 ( 5-TRY)

= %(?A\éf)

r

(atlma]=4(F) =M

(A2 2ol = MF (YY)

(Rednltigl=Me™

AT AL EﬁA 1B tel= S [Cere) & Rever]
(a2 Batnl= —-’{ e Ci-¢ tR ]

{0l BBl = m,[u»ff- v r*e‘* ) FLrR?)

_‘(Q




Continuing Table I,
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Table 2 Parameters with \k,

Y

R(ao) E(ezlao) AE(ez/ao)a AE(Kcal)®
e10 76151172 770548393 855430993 5369461733
«20 «74%70703 2.72439126 357321726 224294063
¢30 e 72329297 1408766927 1693649527 1215455551
e 40 69056055 29332404 1414215004 716493786
«50 «65695117 -+16087390 «68795210 431483373
«60 «61970703 -e44375001 «40507599 254426984
«80 +54839063 ~e75275100 «09607500 60s30714

1.00 e 48651172 -+89458695 -« 04576095 ~28e72456

1.20 43056055 -e95853735 -¢10971135 ~68¢86680

140 «38629297 ~e98294394 -¢13411794 ~84.18703

letl «38430664 ~¢98350874 ~e 13468274 ~B4e54157

let2 «38235352 ~e98402453 ~¢13519853 ~84486533

1.43 038044922 ~e98449281 ~e13566681 ~85415928

let4 «37849609 ~+98491505 -+ 13608905 ~85e42432

le45 «37§64063 ~e98529266 ~e 13646666 ~85466135
le46 e37473633 -¢98562703 ~-¢13680103 ~85.87124
let7 +37288086 ~e98591947 ~-+13709347 ~86+05481

l.48 «37107422 -e98617129 ~e13734529 ~86421288

1.49 ¢36926758 ~+98638374 -e13755774 ~86+34523

1.50 036743945 -+¢98655803 -¢13773203 -86s45563

1451 ¢36568359 ~e98669534 -«1378693¢ -86e54182

1.52 «36392578 -e98679682 ~¢13797082 ~86+60552

1453 $36216797 -+98686357 -e13803757 -B86e64T7473

le54 «36045898 -e98689668 ~+13807068 ~86e66821

1455 «35879883 ~-+98689720 ~-«13807120 ~86466853

1456 «35708984 ~+98686613 -«13804013 ~86464903

157 e35542969 ~¢98680446 -e13797846 ~86+61032

1.58 «35381836 ~+98671316 -¢13788715% -86e55201

1.59 «35215820 - =e98659314 ~-e13776714 -86¢4T7767

2.00 029985352 ~e96555843 ~¢11673243 ~73e27399

3.00 ¢25729297 -+89071068 ~e04188468 ~26e25139

4,00 «27039063 ~e85699533 -«00816933 ~8s12796

5400 027995117 -e84980647 -e 00098047 ~e61545

6.00 «28260938 -eB84889366 ~+ 00006766 ~e 046247

7.00 «28290234 -.84882888 -+ 00000288 -.00181

8.00 «28295117 -484882641 -+ 00000041 -+ 00026

9.00 028295117 -+.84882636 -+ 00000036 -+00023

10.00 028295117 -.84882636 -« 00000036 -«00023

a,.

AE 1is the binding energy
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That is, Eg, 1is twice the variational energy of the hydrogen atom
with 1s Gaussian function. We define the binding energy, AE,
at an internuclear separation R with the optimized energy at the

separation minus Eg . The results are given in Tables 2, 3, and 4.

3. Discussion

In Fig. 2, we plot the binding energies obtained together with
the most likely ome., The binding energies at the calculated equilibrium
separations are: A= ( 43) =-86.67 kcal/mol at Req=1.553,,
AE(k) =-177.82 keal/mol at Req=1.48a,, and AE(Wd,) =-182.19 kcal/mol
at Req=l.47a . That is, AE:(“{) and AE(W4) overshoot the
exact one, -109.32 kcal/mol, and AE \\\’O) undershoots the exact omne
near the equilibrium separation (exact Req-1.40ao), However, it 1is
noteworthy that the Gaussian functions approximate the true energy
more closely near the equilibrium separation than at the infinite
separation. Indeed, &(¥) is -710.6 kcal/mol, and EE(Q;) is
-715.0 kecal/mel, while the correct value is -737.0 kcal/mel. On
the other hand, the Gaussians give -531.8 kcal/mol, for the energy
of two infinitely separated hydrogen atoms while the correct valiue
is -627.7 kcal/mol. The fact is in contrast to the case of Slater-
type functions in which thé energy is exactly given at the infinite
separation and approximately at the finite separation.

Although the introduction of the polarization term in the =z
direction, P, function, leads to the substantial energy improvement
near the equilibrium separation, the addition of Py and py functions

gives very little additional. influence to the overall picture of the
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potential curve. As the two hydrogen atoms recede from each other,
A&E&(Qﬁ) sharply decreases in magnitude and crosses the exact
value near R=3.4a,, and joins quickly to the asymptotic (zero) line.
The polarization parameter of of 41 (see Fig. 3) haz the
maximum value near R=1.0a,. The positive value of o at RY Oaéao
implies the instantaneous mutual polarization of the two hydrogen
atoms which arises because the electrons repel one another. Im the
case of the Slater-type functions, the corresponding parameter is
positive at R) 4.la,. The striking difference may be attributed +o
the highly concentrated charge density of the Gaussian descriptiou
near the nuclei. Furthermore the ratio B/ of ‘-‘é’ converyes
to the assymptotic value ~2 near R=7ao, while the ratio cf the
Slater-type counterpart attains the same value near R=1an (sev Fig. ).
Thus, the Gaussian counterpart of the Hirschfelder-Linmesr ruaotion
(a) 1is fairly good approximation near the equilibrium separzricn
of the hydrogen molecule, but
(b) 1is not suitable for the description of the long-rauge
behavior.
The facts could be a guide when one uses the Gaussian basis szt for
the many-center calculation. 1In another words, there is optimum
separation between centers for the economy of the number of the
Gaussian-type basis functions.
When one is interested in the functional dependence of the
interaction energy of the two hydrogen atoms at long range, one need

not confine oneself to the true units of the energy and length.
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Since the integrals arises from the Gaussian are all simple forms, it
may be a reasonable attempt to seek certain empirization which would
give plausible potential curve. For instance, by adjusting atomic
unit of the energy and length, one can fit the equilibrium separation
and the corresponding binding energy to those of the true values.
However, it turns out that the potential curves so obtained still
approaches to the assymptotic line too quickly (see Fig. 5 and Fig. 6).
Thus we conclude that the Gaussian functions are inadequate for the
descriptions of the long range behavior unless drastic remedy is

applied through severe empirization or use of the large basis set.
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